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Abstract
In this paper we examine the orders of vertex-transitive self-complementary uniform hypergraphs. In
particular, we prove that if there exists a vertex-transitive self-complementary k-uniform hypergraph of
order n, where k = 2` or k = 2` + 1 and n ≡ 1 (mod 2`+1), then the highest power of any prime
dividing n must be congruent to 1 modulo 2`+1. We show that this necessary condition is also sufficient
in many cases – for example, for n a prime power, and for k = 3 and n odd – thus generalizing the result
on vertex-transitive self-complementary graphs of Rao and Muzychuk. We also give sufficient conditions
for the existence of vertex-transitive self-complementary uniform hypergraphs in several other cases. Since
vertex-transitive self-complementary uniform hypergraphs are equivalent to a certain kind of large sets of
t-designs, the results of the paper imply the corresponding results in design theory.
c© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
A k-uniform hypergraph (for short, a k-hypergraph) is a pair (V, E) of a vertex set V and edge
set E ⊆ V (k), where V (k) denotes the set of all k-subsets of V . The parameters k and |V | are
called the rank and order, respectively, of the k-hypergraph (V, E). Observe that a 2-hypergraph
is simply a graph. The vertex set and edge set of a hypergraph X will be denoted by VX and EX ,
respectively.
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An isomorphism between k-hypergraphs X and X ′ is a bijection ϕ: VX → VX ′ inducing a
bijection between EX and EX ′ . An automorphism of X is an isomorphism from X to X , and the
set of all automorphisms of X is denoted by Aut(X). A k-hypergraph X is vertex-transitive if
Aut(X) acts transitively on VX . In this paper, whenever we refer to the automorphism group of a
hypergraph X as being transitive, we mean transitive in its action on the vertex set VX .
The complement X c of a k-hypergraph X is the k-hypergraph with vertex set VX and edge set
V (k)X \ EX . If there exists an isomorphism τ : X → X c, then X is said to be self-complementary,
and τ is called an antimorphism of X . If X is a vertex-transitive self-complementary uniform
hypergraph with an antimorphism τ , then τ normalizes Aut(X) and τ 2 ∈ Aut(X), so that Aut(X)
is a normal subgroup of index 2 in 〈Aut(X), τ 〉. The set of all antimorphisms of X , denoted by
Ant(X), is thus precisely the coset τAut(X).
A k-hypergraph (V, E) is called t-subset regular (for 1 ≤ t ≤ k) if every t-subset of V lies
in the same number (called t-valency) of edges of E . Notice that a vertex-transitive uniform
hypergraph is necessarily 1-subset regular.
Clearly, a 2-hypergraph is 1-subset regular if and only if it is regular as a graph. Therefore
the notion of t-subset regularity for hypergraphs generalizes that of regularity for graphs. On the
other hand, it provides a bridge between the theory of hypergraphs and design theory. Namely,
a t-subset regular k-hypergraph of order n is simply a t-(n, k, λ)-design with λ equal to the
t-valency.
If such a hypergraph X is self-complementary, then its complement X c is also a design with
the same set of parameters, which implies that the pair {X, X c} is a large set of t-designs
LS[2](t, k, n) (see [1, Section 4.4]), with the additional property that the two t-designs that
constitute the large set are isomorphic. In this sense self-complementary uniform hypergraphs
correspond bijectively to those large sets LS[2](t, k, n) whose t-designs are isomorphic.
Finally, vertex-transitivity of a t-regular hypergraph corresponds to point-transitivity of
the underlying t-design. Hence vertex-transitive self-complementary k-hypergraphs of order n
correspond bijectively to large sets LS[2](t, k, n) with t ≥ 1 whose t-designs are point-transitive
and isomorphic.
In this paper, however, we shall study vertex-transitive uniform hypergraphs from the
perspective of (hyper)graph theory, rather than design theory, and therefore use the former
terminology.
2. History and statement of main results
In 1985, Rao [6] determined sufficient conditions on the order n of a vertex-transitive self-
complementary graph, while in 1999, following many partial results from numerous researchers,
Muzychuk [4] showed in an elegant short paper that these conditions are also necessary. For a
positive integer n and a prime p, let n(p) denote the largest integer i such that pi divides n. With
this notation, the result of Rao and Muzychuk can be formulated as follows.
Theorem 1 ([6,4]). There exists a vertex-transitive self-complementary graph of order n if and
only if pn(p) ≡ 1 (mod 4) for every prime p.
Integers n satisfying the condition in Theorem 1 will be called Muzychuk integers. Note that
every Muzychuk integer is odd.
We propose an analogous problem for vertex-transitive self-complementary uniform
hypergraphs:
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Problem 2. For a given integer k ≥ 2, determine the set Hk of all integers n for which there
exists a vertex-transitive self-complementary k-hypergraph of order n.
Since a vertex-transitive k-hypergraph is necessarily 1-subset regular, the necessary condition
on its order follows from the following corollary of a result by Khosrovshahi and Tayfeh-
Rezaie [2], originally stated in the language of large sets. Note that, for a prime p and positive
integers r and m, the symbol r[m] denotes the unique integer in {0, 1, . . . ,m − 1} such that
r ≡ r[m] (mod m).
Proposition 3 ([2, Theorem 9]). If there exists a self-complementary t-subset regular
k-hypergraph of order n, then there exists an integer q, k(2) < q ≤ min{i : 2i > k}, such
that n[2q ] ∈ {t, t + 1, . . . , k[2q ] − 1}.
We remark that the bound on q in Proposition 3 was not established in [2]; however, it is not
difficult to obtain.
The corollary below gives more transparent necessary conditions for t = 1 and particular
values of k.
Corollary 4. Suppose there exists a 1-subset regular self-complementary k-hypergraph with n
vertices, where k = 2` or k = 2` + 1 for some positive integer `. Then n[2`+1] ∈ {1, . . . , k − 1}.
In particular,
• if k = 2, then n ≡ 1 (mod 4);
• if k = 3, then n ≡ 1 or 2 (mod 4);
• if k = 4, then n ≡ 1, 2, or 3 (mod 8);
• if k = 5, then n ≡ 1, 2, 3, or 4 (mod 8).
Proof. Let a positive integer q be as in the statement of Proposition 3, and note that min{i : 2i >
k} = `+ 1. If k = 2`, then k(2) = ` and so we must have q = `+ 1. If k = 2`+ 1, then k(2) = 0,
whence q ∈ {1, . . . , `+ 1}. However, k[2i ] = 1 for all i ≤ `, which would give n[2i ] ∈ ∅. Hence
we must also have q = ` + 1. Since in both cases k[2`+1] = k, we conclude from Proposition 3
that n[2`+1] ∈ {1, 2, . . . , k − 1}. 
In this paper, we consider Problem 2 for some particular values of k and n. We extend
Muzychuk’s result to uniform hypergraphs whose rank is of the form 2` or 2` + 1, and present
several sufficient conditions for an integer to belong to Hk . In Section 3, we prove that, when
restricted to the case n ≡ 1 (mod 2`+1), the statement of Corollary 4 can be strengthened as
follows.
Theorem 5. Let ` be a positive integer, let k = 2` or k = 2` + 1, and let n ≡ 1 (mod 2`+1).
If there exists a vertex-transitive self-complementary k-hypergraph of order n, then pn(p) ≡
1 (mod 2`+1) for every prime p.
Observe that Corollary 4 and Theorem 5, used for k = 2, immediately imply Muzychuk’s
result [4].
Let us now turn our attention to sufficient conditions for an integer to belong to Hk . A
crucial step in Rao’s proof of the sufficiency of conditions in Theorem 1 was the observation
that every Paley graph of prime power order congruent to 1 modulo 4 is vertex-transitive and
self-complementary. In this paper, we generalize the Paley graph construction to the case of
k-hypergraphs, and thus prove the following partial converse to Theorem 5.
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Theorem 6. There exists a vertex-transitive self-complementary k-hypergraph of order n for
every prime power n congruent to 1 modulo 2`+1, where ` = max{k(2), (k − 1)(2)}.
The second step towards Rao’s result was the observation that the lexicographic product of two
vertex-transitive self-complementary graphs is again vertex-transitive and self-complementary.
Unfortunately, no such product construction is available for k-hypergraphs with k ≥ 4 and so
Theorem 6 cannot be naturally extended to orders that are not prime powers (except when k = 3).
However, our rank-increasing method in Section 4.2 yields the following result.
Theorem 7. Let k be a positive integer and n a Muzychuk integer. If k is congruent
to 2 or 3 modulo 4, then there exists a vertex-transitive self-complementary k-hypergraph of
order n. If k is congruent to 3 modulo 4, then there exists a vertex-transitive self-complementary
k-hypergraph of order 2n.
The final part of the paper considers 3-hypergraphs. For these hypergraphs Problem 2 is solved
completely for odd orders, and partially for even orders.
Theorem 8. If n is odd, then there exists a vertex-transitive self-complementary 3-hypergraph
of order n if and only if n is a Muzychuk integer.
If n is even, then there exists a vertex-transitive self-complementary 3-hypergraph of order n
whenever n is of the form 2m or (1+ q)m for a Muzychuk integer m and an odd prime power q
congruent to 1 modulo 4.
We prove Theorem 5 in Section 3, and provide constructions that prove Theorems 6–8 in
Section 4. In Section 5, we give a list of open problems and possible future research projects.
3. Proof of Theorem 5
The following notation will be used in the proof below. If Ω is a finite set, v a point in Ω , τ a
permutation on Ω , G a permutation group on Ω , and p a prime, then vτ , Gv , Gτ , and Sylp(G)
will denote the image of v by τ , the stabilizer of the point v in the group G, the conjugate of G
by τ , and the set of all Sylow p-subgroups of G, respectively. If the order of G is coprime to p,
then we define Sylp(G) to be the singleton containing the trivial group.
Proof of Theorem 5. Let `, k, and n be as in the statement of the theorem; that is, let ` be a
positive integer, let k ∈ {2`, 2`+1}, and suppose that n ≡ 1 (mod 2`+1). Furthermore, let X be a
vertex-transitive self-complementary k-hypergraph of order n, let p be a prime divisor of n, and
pr the highest power of p dividing n. We shall prove the theorem by finding a vertex-transitive
self-complementary k-uniform subhypergraph X ′ of order pr . The result will then follow from
Corollary 4, as will be explained later.
Let M = Aut(X) and let d be the largest positive integer such that pd divides |M |. The
subhypergraph X ′ that we are looking for will be induced by an appropriate orbit of a Sylow
p-subgroup of M . But first we need to examine the orbits of certain antimorphisms of X .
Let G be the permutation group on VX generated by M and an antimorphism of X . Then M
has index 2 in G, and every element of G \ M (that is, any antimorphism of X ) has even order.
In particular, for every τ ∈ G \ M there exists an integer s such that τ s is an antimorphism of X
whose order is a power of 2. Let O2 be the set of elements of G \ M whose orders are powers
of 2, and consider any antimorphism ϕ ∈ O2. What are the lengths of its orbits? Since n is odd,
ϕ has an odd number of fixed points, and since its order is a power of 2, all of its orbits have
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length a power of 2. Suppose that ϕ has an invariant set B of size 2s , where 1 ≤ s ≤ `. Since
n ≡ 1 (mod 2`+1), it follows that ϕ must have another invariant set (disjoint from B) of size 2s ,
and thus also one of size 2s+1. By repeating this argument, we conclude that ϕ has an invariant
set of size 2`, and therefore (by adjoining the leftover fixed point) also an invariant set of size
2` + 1. Hence ϕ has an invariant set of size k. Since every set of k vertices is either an edge of X
or an edge of the complement XC , no such set can be invariant under an antimorphism of X ; a
contradiction. We have thus shown that every element of O2 has exactly one fixed point and all
other orbits of length divisible by 2`+1.
Next, we use Muzychuk’s idea [4] to find an appropriate Sylow p-subgroup P of M and an
orbit of P that induces a vertex-transitive self-complementary k-uniform subhypergraph X ′ of
order pr . First, we define the set P of all p-subgroups P of M for which there exist v ∈ VX and
τ ∈ G \ M such that vτ = v, Pτ = P and Pv ∈ Sylp(Mv). We’ll show that a maximal element
of P is in fact a Sylow p-subgroup of M with precisely the properties we seek.
Next, we prove that P is non-empty. Choose v ∈ VX , P ∈ Sylp(Mv), and σ ∈ G \ M . (Note
that if p does not divide |Mv|, then P is trivial.) Since M is transitive on VX , there exists h ∈ M
mapping v to vσ . Then σ¯ = hσ−1 is an element of G \M fixing v. This implies that Mvσ¯ = Mv ,
and thus P σ¯ ∈ Sylp(Mv). Therefore, there exists g ∈ Mv such that Pg = P σ¯ . Let τ = gσ¯−1
and observe that vτ = v and Pτ = P . Moreover, Pv = P ∈ Sylp(Mv). Hence, P ∈ P and P is
non-empty.
Now let P be a maximal element of P (with respect to inclusion), let N be the normalizer of
P in M , and let Q be the Sylow p-subgroup of N containing P . Our next goal is to prove that
P is a Sylow p-subgroup of M . This is achieved by showing that Q lies in P , and hence P = Q
since P is maximal and P ≤ Q. It will then follow that P is a Sylow p-subgroup of its own
normalizer in M , and therefore that P is a Sylow p-subgroup of M .
Let us now show that Q ∈ P . By the definition of P , there exist v ∈ VX and τ ∈ G \ M such
that vτ = v, Pτ = P , and Pv ∈ Sylp(Mv). Since τ normalizes M and P , it also normalizes N ,
and hence Qτ ∈ Sylp(N ). Let g be an element of N such that Qτ = Qg , let σ be a power of
gτ−1 contained in O2, and let u be the unique fixed point of σ . We thus have a vertex u and an
antimorphism σ such that uσ = u and Qσ = Q, the first two requirements for Q to be in P .
It remains to show that Qu ∈ Sylp(Mu). Let U be the orbit of N containing v; that is, U = vN .
Observe that U τ = vNτ = vτN = vN = U . Since g ∈ N , also U g = U , and so Uσ = U .
Thus the k-hypergraph with vertex set U and edge set EX ∩U (k) admits N as a transitive group
of automorphisms and σ (restricted to U ) as an antimorphism. By Corollary 4, it follows that its
order |U | is congruent to one of 1, 2, . . . , k − 1 modulo 2`+1. Moreover, U is a union of orbits
of σ , whose lengths (with the exception of the fixed point) are all divisible by 2`+1. Hence,
|U | ≡ 1 (mod 2`+1) and the fixed point u of σ is in U . Now, since u and v lie in the same orbit
of N , Pu and Pv are conjugate in N , and so |Pv| = |Pu |. It follows that Pu ∈ Sylp(Mu). On the
other hand, Qu is a p-subgroup of Mu and Pu ≤ Qu , whence Qu = Pu . Thus Qu ∈ Sylp(Mu),
and we conclude that Q ∈ P .
It now follows that P = Q and P is a Sylow p-subgroup of M . It remains to show that
the orbit of P containing v induces a k-hypergraph with the required properties. First, since
|P| = pd and Pv ∈ Sylp(Mv), we have |Pv| = pd−r and thus |vP | = pr . Second, since
(vP )τ = (vτ )P = vP , the k-hypergraph with vertex set vP and edge set EX ∩ (vP )(k) is vertex-
transitive and self-complementary. By Corollary 4, |vP | is congruent to one of 1, 2, . . . , k − 1
modulo 2`+1. But since, for some odd integer s, vP is also a union of orbits of τ s ∈ O2, we have
that pr = |vP | ≡ 1 (mod 2`+1), as claimed. This concludes the proof. 
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The following immediate corollary gives a more transparent result for small values of the
rank k.
Corollary 9. Let X be a vertex-transitive self-complementary k-hypergraph of order n, and let
pr be the highest power of a prime p that divides n. Then:
• if k = 2, then pr ≡ 1 (mod 4);
• if k = 3 and n is odd, then pr ≡ 1 (mod 4); and
• if k = 4 or k = 5, and n ≡ 1 (mod 8), then pr ≡ 1 (mod 8).
4. Constructions
In this section we present several constructions of vertex-transitive self-complementary
uniform hypergraphs, and prove Theorems 6–8. We begin with a generalization of Paley graphs.
4.1. Payley hypergraphs
If F is a field and a0, . . . , ak−1 ∈ F, recall that the Van der Monde determinant of a0, . . . , ak−1
is defined as VM(a0, . . . , ak−1) = det(A), where A is the k × k matrix with entries [A]i j = ai j
for i, j ∈ {0, 1, . . . , k − 1}. It is well known that VM(a0, . . . , ak−1) =∏i> j (ai − a j ).
Construction 10. Let k be an integer, k ≥ 2, and let n be a prime power congruent to 1 modulo
2`+1 where ` = max{k(2), (k − 1)(2)}. Let Fn be the field of cardinality n, let ω be a generator of
the multiplicative group F∗n , and let c = gcd
(
n − 1,
(
k
2
))
. For i = 0, 1, . . . , 2c − 1, denote the
coset ωi 〈ωk(k−1)〉 in F∗n by Fi . Finally, let Pn,k be the k-hypergraph defined by
VPn,k = Fn and EPn,k = {{a1, . . . , ak} ∈ F(k)n : VM(a1, . . . , ak) ∈ F0 ∪ · · · ∪ Fc−1}.
Construction 10 is a generalization of the Paley graph construction to hypergraphs. If k = 2
and n is a prime power congruent to 1 modulo 4, then c = gcd(n − 1, 1) = 1, and EPn,2 =
{{a1, a2} : a2 − a1 ∈ 〈ω2〉}. Hence Pn,2 is the graph with vertex set Fn where two elements of
Fn are adjacent whenever they differ by a square. In other words, Pn,2 is the Paley graph of order
n. We shall therefore call hypergraphs obtained from Construction 10 Paley hypergraphs. Note
that for the particular value k = 3 this construction has been previously introduced by Kocay [3,
Theorem 3.15].
Lemma 11. The Paley hypergraph Pn,k defined in Construction 10 is a vertex-transitive self-
complementary k-hypergraph.
Proof. Let n′ and a be integers such that n − 1 = 2an′ and n′ is odd. Let d denote the order of
ω
(
k
2
)
in F∗n . First consider the case with k even, that is, k = 2`k′ with ` > 0 and k′ odd. Since
2a = 2(n−1)(2) ≥ 2`+1 > 2`, we know that a > `. Then
d =
lcm
(
n − 1,
(
k
2
))
(
k
2
) = n − 1
gcd
(
n − 1,
(
k
2
)) = 2an′
gcd(2an′, 2`−1k′(k − 1))
= 2a−`+1 n
′
gcd(n′, k′(k − 1)) .
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In the case of k odd, that is, k − 1 = 2`k′ with ` > 0 and k′ odd, we similarly obtain
d = 2
an′
gcd(2an′, 2`−1kk′)
= 2a−`+1 n
′
gcd(n′, kk′)
.
Since a > `, we can see that in both cases d is divisible by 4. Consequently, the subgroup
〈ω2
(
k
2
)
〉 = 〈ωk(k−1)〉 is of even order and even index in F∗n . In particular, this means, first of all,
that −1 ∈ 〈ωk(k−1)〉 and the edge set of the hypergraph Pn,k is well defined. Second, it means
that the sets A = F0 ∪ · · · ∪ Fc−1 and B = Fc ∪ · · · ∪ F2c−1 = ω
(
k
2
)
A partition F∗.
Define a bijection ϕ : Fn → Fn by ϕ(x) = ωx for all x ∈ Fn . Observe that for any k-subset
{a1, . . . , ak} ∈ F(k)n we have VM(ωa1, . . . , ωak) = ω
(
k
2
)
VM(a1, . . . , ak). Hence ϕ induces
a mapping from A to B, and therefore from EPn,k to F(k) \ EPn,k . We conclude that ϕ is an
antimorphism of Pn,k and Pn,k is a self-complementary hypergraph.
To see that Pn,k is vertex-transitive, it suffices to show that an automorphism can map the
vertex 0 to any other vertex. Indeed, for any a ∈ Fn , the bijection α : Fn → Fn defined by
α(x) = x + a, for all x ∈ Fn , maps 0 to a. Since VM(a1 + a, . . . , ak + a) = VM(a1, . . . , ak)
for all {a1, . . . , ak} ∈ F(k)n , we can easily see that α is an automorphism of Pn,k . 
Proof of Theorem 6. The result now follows immediately from Lemma 11. 
4.2. Rank-increasing constructions
In this subsection we present two constructions which take an appropriate self-complementary
hypergraph as input and return one of a larger rank. We conclude the subsection with the proof
of Theorem 7.
Construction 12. Let X be a graph (that is, a 2-hypergraph) and let V ∗∗ = VX × Z2. Define a
mapping σ : (V ∗∗)(2)→ Z2 by
σ({(u, i), (v, j)}) =
{
1 if i = j = 0 and {u, v} ∈ EX , or i = j = 1 and {u, v} 6∈ EX
0 otherwise.
Furthermore, let
E∗∗ = {{x, y, z} ∈ (V ∗∗)(3) : σ({x, y})+ σ({y, z})+ σ({x, z}) = 0}
and let X∗∗ be the 3-hypergraph with vertex set V ∗∗ and edge set E∗∗.
Lemma 13. If X is a vertex-transitive self-complementary graph of order n, then the 3-
hypergraph X∗∗ of order 2n defined in Construction 12 is also vertex-transitive and self-
complementary.
Proof. For any automorphism α and antimorphism ϕ of the graph X , define permutations α¯, α˜,
and ϕ˜ on V ∗∗ = VX × Z2 by
α¯(u, i) = (α(u), i)
α˜(u, i) = (α(u), i + 1)
ϕ˜(u, i) = (ϕ(u), i + 1)
for all (u, i) ∈ V ∗∗. It is not difficult to check that both α¯ and ϕ˜ are automorphisms of
the 3-hypergraph X∗∗. Since X is vertex-transitive, it follows that the group generated by
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{α¯ : α ∈ Aut(X)} and ϕ˜ for some antimorphism ϕ of X is a transitive subgroup of Aut(X∗∗).
Furthermore, it is not difficult to check that α˜ is an antimorphism of the 3-hypergraph X∗∗. Hence
X∗∗ is self-complementary. 
Theorem 1 and Lemma 13 immediately yield the following.
Corollary 14. If n is a Muzychuk integer, then there exists a vertex-transitive self-
complementary 3-hypergraph of order 2n.
Note that the converse of Corollary 14 is false; namely, there exist vertex-transitive self-
complementary 3-hypergraphs of order 2n where n is not a Muzychuk integer. Examples of such
3-hypergraphs are given in [5]. These 3-hypergraphs (more precisely, two-graphs) are of order
1 + q , where q is a prime power congruent to 1 modulo 4. Note, however, that by Corollary 4,
if 2n is the order of a vertex-transitive self-complementary 3-hypergraph, then n has to be odd.
More odd non-Muzychuk integers n such that there exists a vertex-transitive self-complementary
3-hypergraph of order 2n will be given in Corollary 21.
Construction 15. Let X be a k-hypergraph and k∗ an integer, k∗ ≥ k. Define X∗ to be the
k∗-hypergraph with vertex set V ∗ = VX and edge set
E∗ = { f ∈ (V ∗)(k∗) : f contains an even number of elements of EX as subsets}.
Lemma 16. Let X be a self-complementary k-hypergraph and k∗ an integer, k∗ ≥ k. If
(
k∗
k
)
is
odd, then the k∗-hypergraph X∗ defined in Construction 15 is self-complementary. Moreover, if
X is vertex-transitive, then so is X∗.
Proof. Take any e ∈ V (k∗). By definition, e ∈ E∗ if and only if e contains an even number of
elements of EX as subsets. Since
(
k∗
k
)
is odd, the latter is equivalent to saying that e contains an
odd number of elements of V (k) \ EX . Hence e 6∈ E∗ if and only if e contains an even number
of elements of V (k) \ EX . This implies that every antimorphism of X is also an antimorphism
of X∗ and every automorphism of X is also an automorphism of X∗. In particular, X∗ is self-
complementary, and if X is vertex-transitive, then so is X∗. 
Proof of Theorem 7. Let n be a Muzychuk integer and k a positive integer. Suppose first that
k ≡ 2 or 3 (mod 4). By [6], there exists a self-complementary vertex-transitive graph X of order
n. Since
(
k
2
)
is odd in this case, it follows by Lemma 16 that there exists a vertex-transitive
self-complementary k-hypergraph of order n.
Suppose now that k ≡ 3 (mod 4). By Corollary 14, there exists a vertex-transitive self-
complementary 3-hypergraph X of order 2n. Since
(
k
3
)
is odd in this case, it follows by
Lemma 16 that there exists a vertex-transitive self-complementary k-hypergraph of order 2n.

4.3. Vertex-transitive self-complementary 3-hypergraphs
Let us now turn our attention to self-complementary 3-hypergraphs. In this case, we are able
to solve Problem 2 for odd orders n, and give a partial answer for even orders. In fact, the result
for odd orders follows directly from what we have already proved.
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Corollary 17. Let n be an odd integer. There exists a vertex-transitive self-complementary
3-hypergraph of order n if and only if n is a Muzychuk integer.
Proof. Suppose first that there is a vertex-transitive self-complementary 3-hypergraph of order
n. Since n is odd, Corollary 4 implies that n ≡ 1 (mod 4). By Theorem 5, it follows that n is a
Muzychuk integer. The converse follows directly from Theorem 7. 
The following construction tries to mimic the lexicographic product construction for graphs.
As mentioned in Section 1, this generalization of lexicographic construction to hypergraphs is
not straightforward, and only works in a very special setting.
Construction 18. Let X2 = (V, E2) and X3 = (V, E3) be a graph and a 3-hypergraph,
respectively, with the same vertex set, and let Y = (U, E) be a 3-hypergraph. Define a
3-hypergraph (X2, X3) o Y as follows:
V(X2,X3)oY = V ×U,
E(X2,X3)oY = {{(x, u), (x, v), (x, w)} : x ∈ V, {u, v, w} ∈ E},∪{{(x, u), (x, v), (y, w)} : {x, y} ∈ E2, u, v, w ∈ U, u 6= v}
∪{{(x, u), (y, v), (z, w)} : {x, y, z} ∈ E3, u, v, w ∈ U }.
Lemma 19. Let Y = (U, E) be a self-complementary 3-hypergraph, and let X2 = (V, E2)
and X3 = (V, E3) be a graph and a 3-hypergraph, respectively, with the same vertex set and a
common antimorphism. Then the 3-hypergraph (X2, X3) o Y defined in Construction 18 is self-
complementary. If Aut(Y ) and Aut(X2) ∩ Aut(X3) are transitive, then (X2, X3) o Y is vertex-
transitive.
Proof. For any permutation α of V and β of U , define a permutation α × β on V ×U by
(α × β)(x, u) = (α(x), β(u)).
If ϕ ∈ Ant(X2) ∩ Ant(X3) and ψ ∈ Ant(Y ), then it is not difficult to see that ϕ × ψ
is an antimorphism of (X2, X3) o Y . Hence (X2, X3) o Y is self-complementary. Similarly, if
α ∈ Aut(X2) ∩ Aut(X3) and β ∈ Aut(Y ), then the permutation α × β is an automorphism
of (X2, X3) o Y . Hence, if Aut(Y ) and Aut(X2) ∩ Aut(X3) are transitive, then (X2, X3) o Y is
vertex-transitive. 
Corollary 20. Let q be a prime power congruent to 1 modulo 4 , and Pq,2 and Pq,3 the Paley
graph and Paley 3-hypergraph, respectively, as defined in Construction 10. For any vertex-
transitive self-complementary 3-hypergraph Y , the 3-hypergraph (Pq,2, Pq,3) o Y is vertex-
transitive self-complementary.
Proof. Let Fq be a finite field of order q, and ω a generator of F∗q . As we have seen in Lemma 11,
ϕ : Fq → Fq defined by ϕ(x) = ωx is an antimorphism of both Pq,2 and Pq,3. Moreover,
{x 7→ x + a : a ∈ Fq} is a transitive subgroup of Aut(Pq,2) ∩ Aut(Pq,3). Hence (Pq,2, Pq,3) o Y
is vertex-transitive and self-complementary by Lemma 19. 
In other words, the above corollary shows that if there exists a vertex-transitive self-
complementary 3-hypergraph of order n, then there exists a vertex-transitive self-complementary
3-hypergraph of order qn for any prime power q congruent to 1 modulo 4. The following
corollary focuses on the orders not already covered by Corollary 17.
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Corollary 21. Let n be a positive integer of the form n = (1+q0)q1q2 . . . qs , where qi is a prime
power congruent to 1 modulo 4 for each i = 0, 1, . . . , s. Then there exists a self-complementary
vertex-transitive 3-hypergraph of order n.
Proof. It was shown in [5] that there exists a vertex-transitive self-complementary 3-hypergraph
of order 1 + q for every prime power q congruent to 1 modulo 4. (These hypergraphs are in
fact two-graphs, introduced by Taylor in [7]. A two-graph is a 3-hypergraph with the additional
property that every set of four vertices contains an even number of edges.) We use Corollary 20
inductively, taking Y0 to be the self-complementary 2-transitive two-graph of order 1 + q0, and
Yi = (Pqi ,2, Pqi ,3) o Yi−1 for i = 1, . . . , s. Then, by Corollary 20, Ys is a self-complementary
vertex-transitive 3-hypergraph of order n = (1+ q0)q1q2 . . . qs . 
Proof of Theorem 8. The result now follows directly from Corollaries 17 and 21, and
Theorem 7. 
5. Conclusion
Although several partial results have been proved in this paper, Problem 2 remains mostly
unanswered, and it seems to us that no simple solution is possible. Let us therefore suggest a few
subproblems that we believe could be solved in the near future.
The first subproblem concerns the hypergraphs of rank 3. Theorem 8 offers a solution for all
odd orders n, while for the even orders it shows that if 2m ∈ H3, then m is odd. In addition,
several values of m such that 2m ∈ H3 are given. For example, all Muzychuk integers have this
property. It is therefore natural to pose the following problem.
Problem 22. Find all odd non-Muzychuk integers m such that there exists a vertex-transitive
self-complementary 3-hypergraph of order 2m.
Excluding hypergraphs obtained using the “wreath product” from Construction 18, all known
vertex-transitive self-complementary 3-hypergraphs satisfying the condition of Problem 22
(which were given in [5]) have the automorphism group acting doubly transitively on the vertex
set. On the other hand, no other self-complementary uniform hypergraph with this property is
known to us. Since doubly transitive permutation groups are classified, their careful examination
should give a solution to the following problem.
Problem 23. Determine all self-complementary uniform hypergraphs X such that Aut(X) acts
doubly transitively on the vertex set VX .
For cases with k or k − 1 equal to a power of 2, Theorem 5 gives a necessary condition
for n to belong to Hk . The smallest value of k for which no such condition has been proved is
therefore 6. On the other hand, besides Theorem 7 which ensures existence of vertex-transitive
self-complementary uniform 6-hypergraphs of order n for every Muzychuk integer n, no other
sufficient conditions for n to belong toH6 are known to us. Hence the following question.
Question 24. Does there exist a vertex-transitive self-complementary 6-hypergraph whose order
is not a Muzychuk integer?
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